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A HYPERPLANE INEQUALITY FOR MEASURES OF
UNCONDITIONAL CONVEX BODIES
ALEXANDER KOLDOBSKY
Abstract. We prove that there exists an absolute constant C
such that for every n ∈ N, every unconditional convex body L in
R
n and every measure µ with non-negative even continuous density
in Rn,
µ(L) ≤ C max
ξ∈Sn−1
µ(L ∩ ξ⊥) |L|1/n ,
where ξ⊥ is the central hyperplane in Rn perpendicular to ξ, and
|L| is the volume of L. This is an extension to arbitrary measures
of the hyperplane inequality for volume of unconditional convex
bodies originally proved by Bourgain. The proof is based on sta-
bility inequalities for intersection bodies. We also prove a similar
inequality for duals of bodies with bounded volume ratio.
1. Introduction
The hyperplane problem [Bo1, Bo2, Ba1, MP], a major open problem
in convex geometry, asks whether there exists an absolute constant C
so that for any origin-symmetric convex body K in Rn of volume 1
there is a hyperplane section of K whose (n − 1)-dimensional volume
is greater than 1/C. In other words, does there exist a constant C so
that for any n ∈ N and any origin-symmetric convex body K in Rn
|K|n−1n ≤ C max
ξ∈Sn−1
|K ∩ ξ⊥|, (1)
where ξ⊥ is the central hyperplane in Rn perpendicular to ξ, and |K|
stands for volume of proper dimension? The best current result C ≤
O(n1/4) is due to Klartag [Kl], who removed the logarithmic term from
an earlier estimate of Bourgain [Bo3]. We refer the reader to [BGVV]
for the history and partial results.
For certain classes of bodies the question has been answered in affir-
mative. These classes include unconditional convex bodies (as initially
observed by Bourgain; see [MP, J2, BN, BGVV] for different proofs),
unit balls of subspaces of Lp [Ba2, J1, M], intersection bodies [G, Th.
9.4.11], zonoids, duals of bodies with bounded volume ratio [MP], the
Schatten classes [KMP], k-intersection bodies [KPY, K8].
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In this note we prove that volume in (1) can be replaced by an arbi-
trary measure for two classes of bodies - unconditional convex bodies
and duals of convex bodies with bounded volume ratio. Namely, there
exists an absolute constant C such that for any body K from these
classes and any measure µ with even continuous density f in Rn
µ(K) ≤ C max
ξ∈Sn−1
µ(K ∩ ξ⊥) |K|1/n, (2)
where µ(B) =
∫
B
f for every compact set B ⊂ Rn.
For intersection bodies inequality (2) was proved in [K4] with the
best possible constant C = n
n−1
cn, where cn = |Bn2 |
n−1
n /|Bn−1
2
| < 1
and Bn
2
is the unit Euclidean ball in Rn. For k-intersection bodies, (2)
was proved in [K8] with C depending only on k. For general origin-
symmetric convex bodies, it is possible to prove (2) with C ≤ O(√n)
(see [K5]):
µ(K) ≤ √n n
n− 1cn maxξ∈Sn−1 µ(K ∩ ξ
⊥) |K|1/n. (3)
Analogs of (3) for sections of lower dimensions and for complex convex
bodies were proved in [K6]. It was shown in [K8] that the constant√
n in (3) can be replaced by n1/2−1/p when K is the unit ball of an n-
dimensional subspace of Lp, p > 2. The author does not know whether
the constant in (3) is optimal for arbitrary measures; for volume it is
certainly not optimal.
The proofs are based on a stability result for intersection bodies
[K4]. This result continues the study of stability in volume comparison
problems initiated in [K3, K7].
2. Unconditional convex bodies
We need several definitions and facts. A closed bounded set K in
R
n is called a star body if every straight line passing through the origin
crosses the boundary of K at exactly two points different from the
origin, the origin is an interior point ofK, and theMinkowski functional
of K defined by
‖x‖K = min{a ≥ 0 : x ∈ aK}
is a continuous function on Rn.
The radial function of a star body K is defined by
ρK(x) = ‖x‖−1K , x ∈ Rn, x 6= 0.
If x ∈ Sn−1 then ρK(x) is the radius of K in the direction of x.
The class of intersection bodies was introduced by Lutwak [L]. Let
K,L be origin-symmetric star bodies in Rn. We say that K is the
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intersection body of L if the radius of K in every direction is equal
to the (n − 1)-dimensional volume of the section of L by the central
hyperplane orthogonal to this direction, i.e. for every ξ ∈ Sn−1,
ρK(ξ) = ‖ξ‖−1K = |L ∩ ξ⊥|. (4)
All bodies K that appear as intersection bodies of different star bodies
form the class of intersection bodies of star bodies. The class of inter-
section bodies can be defined as the closure of the class of intersection
bodies of star bodies in the radial metric
ρ(K,L) = sup
ξ∈Sn−1
|ρK(ξ)− ρL(ξ)| .
Intersection bodies played a crucial role in the solution of the Busemann-
Petty problem and its generalizations; see [K1, Ch. 5].
We use the following stability result for intersection bodies proved
in [K5].
Proposition 1. ([K5]) Suppose that K is an intersection body in Rn,
f is an even continuous function on K, f ≥ 1 everywhere on K, and
ε > 0. If ∫
K∩ξ⊥
f ≤ |K ∩ ξ⊥|+ ε, ∀ξ ∈ Sn−1,
then ∫
K
f ≤ |K|+ n
n− 1 cn |K|
1/nε;
recall that cn < 1.
Let ei, 1 ≤ i ≤ n, be the standard basis of Rn. A star body K in
R
n is called unconditional if for every choice of real numbers xi and
δi = ±1, 1 ≤ i ≤ n we have
‖
n∑
i=1
δixiei‖K = ‖
n∑
i=1
xiei‖K .
Theorem 1. There exists an absolute constant C such that for every
n ∈ N, every unconditional convex body L in Rn and every measure µ
with even continuous non-negative density on L
µ(L) ≤ C max
ξ∈Sn−1
µ(L ∩ ξ⊥) |L|1/n. (5)
Proof : By a result of Lozanovskii [Lo] (see the proof in [P, Corollary
3.4]), there exists a (diagonal) linear operator T : Rn → Rn so that
T (Bn∞) ⊂ L ⊂ nT (Bn1 ),
where Bnp is the unit ball of the space ℓ
n
p . Let K = nT (B
n
1
). By [K2,
Th. 3] and the fact that a linear transformation of an intersection body
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is an intersection body (see [L]; it also follows from [K2, Th. 1] and the
connection between linear transformations and the Fourier transform),
the body K is an intersection body in Rn. Let g be the density of µ,
and let f = χK + gχL, where χK , χL are the indicator functions of K
and L. Then f ≥ 1 everywhere on K. Put
ε = max
ξ∈Sn−1
(∫
K∩ξ⊥
f − |K ∩ ξ⊥|
)
= max
ξ∈Sn−1
∫
L∩ξ⊥
g.
Now we can apply Proposition 1 to f,K, ε (the function f is not neces-
sarily continuous on K, but the result holds by a simple approximation
argument). We get
µ(L) =
∫
L
g =
∫
K
f − |K|
≤ n
n− 1cn|K|
1/n max
ξ∈Sn−1
∫
L∩ξ⊥
g =
n
n− 1cn|K|
1/n max
ξ∈Sn−1
µ(L ∩ ξ⊥).
Since |Bn1 | = 2n/n! (see for example [K1, Lemma 2.19]), we have
|K|1/n ≤ | det T |1/ne. On the other hand, |T (Bn∞)| = 2n| detT |, and
T (Bn∞) ⊂ L, so |K|1/n ≤ e2 |L|1/n. Since cn < 1, (6) follows with C = e
(roughly estimating the constant; in fact the constants that we get tend
to 1
2
√
e as n→∞). 
3. Duals of bodies with bounded volume ratio
The volume ratio of a convex body K in Rn is defined by
v.r.(K) = inf
E
{( |K|
|E|
)1/n
: E ⊂ K, E− ellipsoid
}
.
The following argument is standard and first appeared in [BM] and
[MP]. Let K◦ and E◦ be polar bodies of K and E, respectively. If E
is an ellipsoid, then
|E||E◦| = |Bn2 |2.
By the reverse Santalo inequality of Bourgain and Milman [BM], there
exists an absolute constant c > 0 such that
(|K||K◦|)1/n ≥ c
n
.
Combining these and using the asymptotics of Bn
2
we get that there
exists an absolute constant C such that( |E◦|
|K◦|
)1/n
≤ C
( |K|
|E|
)1/n
.
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Theorem 2. There exists an absolute constant C such that for every
n ∈ N, every origin-symmetric convex body L in Rn and every measure
µ with even continuous non-negative density on L
µ(L) ≤ C v.r.(L◦) max
ξ∈Sn−1
µ(L ∩ ξ⊥) |L|1/n. (6)
Proof : If E is an ellipsoid, E ⊂ L◦, then the ellipsoid E◦ contains
L. Also every ellipsoid is an intersection body as a linear image of the
Euclidean ball. Applying Proposition 1 in the same way as in Theorem
1 (with K = E◦) and using the argument before the statement of the
theorem, we get
µ(L) ≤ n
n− 1cn maxξ∈Sn−1 µ(L ∩ ξ
⊥)|E◦|1/n
≤ C n
n− 1cn maxξ∈Sn−1 µ(L ∩ ξ
⊥)
( |L◦|
|E|
)1/n
|L|1/n.
The result follows. 
Acknowledgement. I wish to thank the US National Science Foun-
dation for support through grant DMS-1265155.
References
[Ba1] K. Ball, Isometric problems in ℓp and sections of convex sets, Ph.D. disser-
tation, Trinity College, Cambridge (1986).
[Ba2] K. Ball, Normed spaces with a weak Gordon-Lewis property, Lecture Notes
in Math. 1470, Springer, Berlin (1991), 36–47.
[BN] S. Bobkov and F. Nazarov, On convex bodeis and log-concave probability
measures with unconditional basis, Geometric aspects of functional analysis
(Milman-Schechtman, eds), Lecture Notes in Math. 1807 (2003), 53–69.
[Bo1] J. Bourgain, On high-dimensional maximal functions associated to convex
bodies, Amer. J. Math. 108 (1986), 1467–1476.
[Bo2] J. Bourgain, Geometry of Banach spaces and harmonic analysis, Proceedings
of the International Congress of Mathematicians (Berkeley, Calif., 1986), Amer.
Math. Soc., Providence, RI, 1987, 871–878.
[Bo3] J. Bourgain, On the distribution of polynomials on high-dimensional convex
sets, Geometric aspects of functional analysis, Israel seminar (198990), Lecture
Notes in Math. 1469 Springer, Berlin, 1991, 127–137.
[BM] J. Bourgain and V. Milman, New volume ratio properties for convex symmet-
ric bodies in Rn, Invent. Math. 88 (1987), 319–340.
[BGVV] S. Brazitikos, A. Giannopoulos, P. Valettas and B. Vritsiou, Geometry of
isotropic log-concave measures, preprint.
[G] R. J. Gardner, Geometric tomography, Second edition, Cambridge University
Press, Cambridge, 2006.
[J1] M. Junge, On the hyperplane conjecture for quotient spaces of Lp, ForumMath.
6 (1994), 617–635.
6 ALEXANDER KOLDOBSKY
[J2] M. Junge, Proportional subspaces of spaces with unconditional basis have good
volume properties, Geometric aspects of functional analysis (Israel Seminar,
1992-1994), 121–129, Oper. Theory Adv. Appl., 77, Birkhauser, Basel, 1995.
[Kl] B. Klartag, On convex perturbations with a bounded isotropic constant, Geom.
Funct. Anal. 16 (2006), 1274–1290.
[K1] A. Koldobsky, Fourier analysis in convex geometry, Amer. Math. Soc., Prov-
idence RI, 2005.
[K2] A. Koldobsky, Intersection bodies, positive definite distributions and the
Busemann-Petty problem, Amer. J. Math. 120 (1998), 827–840.
[K3] A. Koldobsky, Stability in the Busemann-Petty and Shephard problems, Adv.
Math. 228 (2011), 2145–2161.
[K4] A. Koldobsky, A hyperplane inequality for measures of convex bodies in
R
n, n ≤ 4, Dicrete Comput. Geom. 47 (2012), 538–547.
[K5] A. Koldobsky, A
√
n estimate for measures of hyperplane sections of convex
bodies, arXiv:1309.5271.
[K6] A. Koldobsky, Estimates for measures of sections of convex bodies,
arXiv:1309.6485
[K7] A. Koldobsky, Stability and separation in volume comparison problems, Math.
Model. Nat. Phenom. 8 (2013), 156–169.
[K8] A. Koldobsky, Slicing inequalities for subspaces of Lp, arXiv:1310.8102
[KPY] A. Koldobsky, A. Pajor and V. Yaskin, Inequalities of the Kahane-Khinchin
type and sections of Lp-balls, Studia Math. 184 (2008), 217–231.
[KY] A. Koldobsky and V. Yaskin, The Interface between Convex Geometry and
Harmonic Analysis, CBMS Regional Conference Series, American Mathemat-
ical Society, Providence RI, 2008, 103 p.
[KMP] H. Ko¨nig, M. Meyer and A. Pajor, The isotropy constants of the Schatten
classes are bounded, Math. Ann. 312 (1998), 773–783.
[Lo] G. Lozanovskii, Banach structures and bases, Funct. Anal. Appl. 1 (1967),
294.
[L] E. Lutwak, Intersection bodies and dual mixed volumes, Adv. Math. 71 (1988),
232–261.
[M] E. Milman, Dual mixed volumes and the slicing problem, Adv. Math. 207
(2006), 566–598.
[MP] V. Milman and A. Pajor, Isotropic position and inertia ellipsoids and zonoids
of the unit ball of a normed n-dimensional space, in: Geometric Aspects of
Functional Analysis, ed. by J. Lindenstrauss and V. Milman, Lecture Notes in
Mathematics 1376, Springer, Heidelberg, 1989, pp. 64–104.
[P] G. Pisier, The volume of convex bodies and Banach space geometry, Cambridge
Tracts in Mathematics 94 (1989).
Department of Mathematics, University of Missouri, Columbia, MO
65211
E-mail address : koldobskiya@missouri.edu
